In this paper, we study the one-way local operator and classical communication(LOCC) problem. For any dimension d ≥ 4, we construct a set of ⌈ d 2 ⌉ + 2 one-way LOCC indistinguishable maximally entangled states which are generalized Pauli matrix. Moreover, we can find four maximally entangled states which cannot be perfectly distinguished by one-way LOCC measurements for any dimension d ≥ 4.
I. INTRODUCTION
In compound quantum systems, many global operators can not be implemented using only local operations and classical communication (LOCC) . This reflects the fundamental feature of quantum mechanics which is called nonlocality. Meanwhile, the understanding of the limitation of quantum operators that can be implemented by LOCC is also one of the main goals of quantum information theory. And local distinguishability of quantum states plays an important role in exploring quantum nonlocality [1, 2] . In the bipartite case, Alice and Bob share a quantum system which is chosen from one of a known set of mutually orthogonal quantum states. Their goal is to identity the given state using only LOCC. The nonlocality of quantum information is therefore revealed when a set of orthogonal states can not be distinguished by LOCC. Moreover, the local distinguishability has been found practical applications in quantum cryptography primitives such as secret sharing and data hiding [3, 4] .
The question of local discrimination of orthogonal quantum states has received considerable attention in recent years [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . In the bipartite setting, Alice and Bob each control a quantum system, their joint system H A ⊗ H B has been prepared in a pure state from the set S = {|ψ i } i=0,1,...,N −1 ; the two component systems are then separated. Alice and Bob know S and they would like to determine the value of i. Since they are physically separate, their possible measurement protocols are restricted to those using only local quantum operations and classical communication (LOCC). The study of the power and limitations of LOCC has potential applications in cryptography, communication, and data hiding and is also of inherent interest as a tool to understand entanglement [3] .
It is well known that any two orthogonal maximally entangled states can be perfectly distinguished with LOCC [2] . In Ref. [8, 9] In this paper, we further study the one-way LOCC problem. For any dimension d ≥ 4, we give a set of ⌈ d 2 ⌉+2 (⌈n⌉ means the least integer number not less than n) one-way LOCC indistinguishable maximally entangled states. Moreover, we can find four maximally entangled states which cannot be perfectly distinguished by oneway LOCC measurements for any dimension d ≥ 4.
II. PREPARATIONS
The generalized Pauli states in C d ⊗ C d are defined as follows:
where
Now we give two lemma which can be find in Refs. [11, 14] .
number of pairwise orthogonal maximally entangled states |ψ nimi ( for i = 1, 2, . . . , N ), taken from the set given in Eq.(1), can be perfectly distinguished by one-way LOCC A → B, if and only if there exists at least one state |α ∈ H B for which the states U n1m1 |α , U n2m2 |α , . . . , U nN mN |α are pairwise orthogonal, where U nimi |α 's are given by Eq.(2).
On the other hand, the set is perfectly distinguishable by one-way LOCC in the B → A, if and only if there exists at least one state |α ∈ H A for which the states V n1m1 |α , V n2m2 |α , . . . , V nN mN |α are pairwise orthogonal, where V nimi |α 's are given by Eq.(2). Lemma 2. Given a set of states 
, there exist a set of ⌈ 
(II) When d = 2n + 1, we choose {|ψ 00 , |ψ 10 , . . . , |ψ n0 , |ψ n1 , |ψ 2n,1 }, the corresponding defined unitary matrices are {U 00 , U 10 , . . . , U n0 , U n1 , U 2n,1 }.
Proof: (I) Firstly, we consider the d = 2n case. If the orthogonal set {|ψ 00 , |ψ 10 , . . . , |ψ n−1,0 , |ψ n−1,1 , |ψ 2n−1,1 } can be perfect one-way distinguished, then by lemma 1 we have a vector |α = 0 ∈ C d , such that the vectors |α , U 10 |α , ..., U n−1,0 |α , U n−1,1 |α , U 2n−1,1 |α are pairwise orthogonal.
We can suppose |α = 2n−1 i=0 |i . Then by the orthogonality between |α and one of the states U 10 |α , U 20 |α , . . . , U n−1,0 |α , we can obtain
. . .
where ω = e 2πi 2n . The third equality sign of each equalities above holds because of the two numbers are complex conjugate of each other. Moreover, by the orthogonality between U n−1,1 |α and U 2n−1,1 |α , we have
Solving the above equalities, we get
. That is, |α = 0 which is contradicted with |α = 0.
(2)If λ = 0, then for any 0 ≤ i, j ≤ 2n − 1, we have α i α * j = 0. Now by the orthogonality between U n−1,1 |α and U 00 |α , U 10 |α , U 20 |α , . . . , U n−1,0 |α , we have
Similarly, by the orthogonality between U 2n−1,1 |α and U 00 |α , U 10 |α , U 20 |α , . . . , U n−1,0 |α , we have
By the above 2n equations, we can easily obtain (α 0 α * 1 , α 1 α * 2 , · · · , α 2n−1 α * 2n ) = (0, 0, · · · , 0) which is contradicted with α i α * j = 0. So we can conclude that the 2n states we constructed are one-way LOCC indistinguishable.
(II) For the d = 2n + 1 case, the proof is just similar with the d = 2n case.
The above theorem give us that in 
then P r = I where I is the identity matrix of r × r. We prove the theorem by separate it into two cases: r is odd and r is even.
Case 1: If r is odd, we let
where X, Y, Z are the qubit Pauli matrices defined as follows respectively:
Let |ψ 0 be the standard maximally entangled state, that is,
|ii . Now we construct four maximally entangled states as follows:
We can easily checked that these states are mutually orthogonal and maximally entangled. We now show that these states cannot be distinguished with one-way LOCC. Suppose Alice performs an initial measurements M on her system and receives the outcome corresponding to some operator M T . We can suppose that
where A is a 2 × 2 matrix and B is a r × r matrix. In order to perfect discrimination, we need T r(U i M U † j ) = 0 whenever i = j. The required orthogonality conditions imply that
T r(M U 2 ) = γT r(AZ) + T r(BP 2 ) = 0,
T r(M U 3 ) = σT r(AY ) + T r(BP
From equations (3) and (6), we have ωT r(AX) + iωγT r(AY ) = 0.
Since A, B, X, Y, Z are all Hermitian and the product of two Hermitian matrices always has a real-valued trace, T r(AX) and T r(AY ) are real, and γ = iω 2 so we have T r(AX) = T r(AY ) = 0. By equation (5), we obtain T r(BP 2 ) = 0. Then by equation (7), we can get T r(AZ) = 0. Since the Pauli matrices form a basis for 2 × 2 Hermitian matrices, we are forced to conclude that A = tI 2 for some t ≥ 0.
From Lemma 2, to distinguish these states with oneway LOCC, we need Alice to have a complete measurement M = {M i } consisting of rank one matrices. If A is a multiple of the identity matrix, then either A = 0 or else the rank of M is at least two. Thus, either M contains measurements of rank greater than one or else i M i = I. In either case, M cannot be the first step of a perfect one-way LOCC protocol.
Case 2: If r is even, we let
Similarly, we can get that {|ψ 0 , (I ⊗ U 1 )|ψ 0 , (I ⊗ U 2 )|ψ 0 , (I ⊗ U 3 )|ψ 0 } cannot be perfectly distinguished by one-way LOCC. This gives the complete proof of the theorem.
IV. CONCLUSION
In this paper, we further study the one-way LOCC problem. We give a set of ⌈ d 2 ⌉ + 2 one-way LOCC indistinguishable maximally entangled states. Moreover, we can find four maximally entangled states which cannot be perfectly distinguished by one-way LOCC measurements for any dimension d ≥ 4. We notice that in Ref. [14] the author gives smaller one-way indistinguishable sets which only contain three states for some restricted dimension d. We hope that this can be extended to any d ≥ 4.
Note add. Very recently, we became aware of related work [16] in which the same ⌈ 
